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In this paper, we present a measure of multipartite entanglement (k-nonseparable), k-ME con-
currence Ck−ME(ρ) that unambiguously detects all k-nonseparable states in arbitrary dimensions,
where the special case, 2-ME concurrence C2−ME(ρ), is a measure of genuine multipartite entangle-
ment. The new measure k-ME concurrence satisfies important characteristics of an entanglement
measure including entanglement monotone, vanishing on k-separable states, convexity, subadditiv-
ity and strictly greater than zero for all k-nonseparable states. Two powerful lower bounds on this
measure are given. These lower bounds are experimentally implementable without quantum state
tomography and are easily computable as no optimization or eigenvalue evaluation is needed. We
illustrate detailed examples in which the given bounds perform better than other known detection
criteria.
PACS numbers: 03.67.Mn, 03.65.Ud, 03.67.-a
I. INTRODUCTION
Entanglement as a physical resource plays an important role in quantum information, such as, quantum communica-
tion [1–9] and quantum computing [10, 11]. So it is a significant work to quantify entanglement not only in theoretical
research but also in practical application. One of the main goals of the theory of entanglement is to develop measures
of entanglement. Several entanglement measures [12–14] have been introduced, such as entanglement distillation [15–
17], entanglement cost [17, 18], entanglement of formation [17, 19], negativity [20, 21], three-tangle [22] and localizable
entanglement [9, 23]. These measures except localizable entanglement are entanglement monotones [12–14], in that
they cannot increase under local operations and classical communication (LOCC), whereas localizable entanglement
can deterministically increase under LOCC operations between all parties [24]. In bipartite setting, entanglement
cost, entanglement of formation, and negativity are convex, moreover, entanglement cost, entanglement of formation
are also subadditive. It is an open question whether entanglement distillation is convex [12]. The negativity fails
to recognize entanglement in PPT states. In the multipartite setting, three-tangle is invariant under permutation
of the three systems and is in fact an entanglement monotone for three-qubit systems. However, there are states
with genuine three party entanglement for which the three-tangle can be zero (the W-state serves as an example
[22]), i.e., the three-tangle has the disadvantageous property that it vanishes for some entangled states. Localizable
entanglement [23] requires an underlying measure of bipartite entanglement to quantify the entanglement between
the two singled-out parties. When concurrence was used as underlying measure of bipartite entanglement, Gao et al.
[9] derived an easily computable formula for localizable entanglement in the three-qubit case.
The concurrence is a very popular measure for the quantification of bipartite quantum correlations [12, 13, 25, 26],
and is also defined for bipartite high dimensional states [27], but it is not computable because of optimization for
bipartite high dimensional mixed states. For multipartite quantum systems, although there are some criteria [13, 28–
37] to detect genuine multipartite entanglement, but there is not computable measure quantifying the amount of
multipartite entanglement in general. Ma et al. [38] defined a generalized concurrence called GME-concurrence which
satisfies the necessary conditions for genuine multipartite entanglement measure [39, 40]. Although for general mixed
states it is not computable owing to the optimization, they gave lower bounds [38, 41]. What we are looking for is
multipartite entanglement measure such that its values vanish with respect to k-separable states, whereas they are
strictly positive for k-nonseparable states.
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2FIG. 1: (Color online). Illustration of the convex nested structure of the sets Sk of all k-separable states. Each set is convexly
embedded within the next set: Sn ⊂ Sn−1 ⊂ · · · ⊂ S2 ⊂ S1, and the complement S1 \ Sk of Sk in S1 is the set of all
k-nonseparable states.
In this paper, we introduce a generalized concurrence (k-ME concurrence) for a finite-dimensional systems of arbi-
trarily many parties as an entanglement measure, which satisfies important characteristics of an entanglement measure,
such as entanglement monotone, vanishing on k-separable states, invariant under local unitary transformations, con-
vexity, subadditivity and strictly greater than zero for all k-nonseparable states. This multipartite entanglement
measure unambiguously detects all k-nonseparable states in arbitrary dimensions. The GME concurrence [38, 41]
is the special case of our k-ME concurrence when k = 2. We show that strong lower bounds on this measure can
be derived by exploiting close analytic relations between this concurrence and recently introduced detection criteria
for multipartite entanglement [32–34]. And then we provide examples in which the entanglement criteria based on
our lower bound have better performance with respect to the known methods, the lower bounds obtained by Refs.
[38, 41].
II. MULTIPARTITE ENTANGLEMENT
Before we state the definition of multipartite entanglement measure, k-ME concurrence, and its lower bounds, an
introduction of concepts and notations that will be involved in the subsequent sections of our article is necessary.
Throughout the paper, we consider a multiparticle quantum system H = ⊗ni=1Hi = H1 ⊗ H2 ⊗ · · · ⊗ Hn with n
parts of respective dimension di, i = 1, 2, · · · , n. A k-partition A1|A2| · · · |Ak (of {1, 2, · · · , n}) means that the set
{A1, A2, · · · , Ak} is a collection of pairwise disjoint sets, and the union of all sets in {A1, A2, · · · , Ak} is {1, 2, · · · , n}
(disjoint union
k⋃
i=1
Ai = {1, 2, · · · , n}). An pure state |ψ〉 of an n-partite quantum system H is called k-separable if
there is a k-partition A1|A2| · · · |Ak = j11 · · · j1n1 |j21 · · · j2n2 | · · · |jk1 · · · jknk such that
|ψ〉 = |ψ1〉A1 |ψ2〉A2 · · · |ψk〉Ak , (1)
where |ψi〉Ai is the state of subsystem Ai, and disjoint union
k⋃
t=1
At =
k⋃
t=1
{jt1, jt2, · · · , jtnt} = {1, 2, · · · , n}. An n-partite
mixed state ρ is k-separable if it can be written as a convex combination of k-separable pure states
ρ =
∑
m
pm|ψm〉〈ψm|, (2)
where {|ψm〉} might be k-separable with respect to different partitions. Thus, a mixed k-separable state does not need
to be separable under any particular k-partition. In general, k-separable mixed states are not separable with regard
to any specific partition. If an n-partite state is not 2-separable (biseparable), then it is called genuinely n-partite
entangled. It is called fully separable, iff it is n-separable.
Note that whenever a state is k-separable, it is automatically also k′-separable for all 1 < k′ < k. If we denote
the set of all k-separable states by Sk (k = 2, 3, · · · , n) and the set of all states by S1, then each set Sk is convex
and embedded within the next set: Sn ⊂ Sn−1 ⊂ · · · ⊂ S2 ⊂ S1, and the complement S1 \ Sk of Sk in S1 is the
set of all k-nonseparable states. In particular, the complement S1 \ S2 is the set of all genuine n-partite entangled
(2-nonseparable) states. We can illustrate the convex nested structure of multipartite entanglement in Fig. 1.
3III. A MEASURE OF MULTIPARTITE ENTANGLEMENT AND ITS LOWER BOUNDS
Let us now introduce a measure of multipartite entanglement (k-nonseparable) that unambiguously detects all
k-nonseparable states in arbitrary dimensions. For n-partite pure state |ψ〉 ∈ H1⊗H2⊗ · · · ⊗Hn, where dimHl = dl,
l = 1, 2, · · · , n, we define the k-ME concurrence as
Ck−ME(|ψ〉) = min
A
√√√√√√√2

1−
k∑
t=1
Tr(ρ2At)
k

 = minA
√√√√√2 k∑
t=1
(
1− Tr(ρ2At)
)
k
, (3)
where ρAt = TrA¯t(|ψ〉〈ψ|) is the reduce density matrix of subsystem At (A¯t is the complement of At in {1, 2, · · · , n}),
and the minimum is taken over all possible k-partitions A = A1| · · · |Ak of {1, 2, · · · , n}. Obviously, Ck−ME(|ψ〉) does
not only depend on |ψ〉, but also on the number k. However, it is independent of k-partitions. It should be pointed
out that Ck−ME(|ψ〉) is non-vanishing if and only if |ψ〉 is k-nonseparable, that is, Ck−ME(|ψ〉) equals to zero if and
only if |ψ〉 is k-separable.
For n-partite mixed state ρ, we define the k-ME concurrence as
Ck−ME(ρ) = inf{pm,|ψm〉}
∑
m
pmCk−ME(|ψm〉), (4)
where the infimum is taken over all possible pure states decompositions ρ =
∑
m
pm|ψm〉〈ψm|. Specially, when k = 2,
C2−ME(ρ) is a measure of genuine multipartite entanglement. Note that the GME concurrence [38] is our special case
C2−ME(ρ), and the GME concurrence CGME is equal to 1√2C2−ME(ρ).
k-ME concurrence Ck−ME(ρ), a measure of multipartite entanglement, satisfies the following useful properties:
M1 Ck−ME(ρ) = 0 for any ρ ∈ Sk (vanishing on all k-separable states).
M2 Ck−ME(ρ) > 0 for any ρ ∈ S1\Sk (strictly greater than zero for all k-nonseparable states).
M3 Ck−ME(U
†
LocalρULocal) = Ck−ME(ρ) (invariant under local unitary transformations).
M4 Ck−ME(ΛLOCC(ρ)) ≤ Ck−ME(ρ) (entanglement monotone: nonincreasing under local operations and classical
communication (LOCC)).
M5 Ck−ME(
∑
i piρi) ≤
∑
i piCk−ME(ρi) (convexity).
M6 Ck−ME(ρ⊗ σ) ≤ Ck−ME(ρ) + Ck−ME(σ) (subadditivity).
IV. LOWER BOUNDS
A. Statement of results
Let |φ(x)〉 = ⊗ni=1|xi〉 = |x1x2 · · ·xn〉 be a fully separable state on Hilbert space H = H1 ⊗ H2 ⊗ · · · ⊗ Hn,
and |Φij(x)〉 = |φi(x)〉|φj(x)〉 a product state in H⊗2, where |φi(x)〉 = |x1x2 · · ·xi−1x′ixi+1 · · ·xn〉 and |φj(x)〉 =
|x1x2 · · ·xj−1x′jxj+1 · · ·xn〉 are the fully separable states obtained from |φ(x)〉 by applying (independently) local
unitary transformations to |xi〉 ∈ Hi and |xj〉 ∈ Hj , respectively. Let Ptot denote the operator that performs a
simultaneous local permutation on all subsystems in H⊗2 = (H1 ⊗ H2 ⊗ · · · ⊗ Hn)⊗2, while Pi just performs a
permutation on H⊗2i and leaves all other subsystems unchanged. That is, Ptot = P1 ◦ P2 ◦ · · · ◦ Pn, where Pi is the
operator swapping the two copies of Hi in H⊗2. For instance, Ptot|x1x2 · · ·xn〉|y1y2 · · · yn〉 = |y1y2 · · · yn〉|x1x2 · · ·xn〉,
while Pi|x1 · · ·xi−1xixi+1 · · ·xn〉|y1 · · · yi−1yiyi+1 · · · yn〉 = |x1 · · ·xi−1yixi+1 · · ·xn〉|y1 · · · yi−1xiyi+1 · · · yn〉. Let
Ik(ρ, φ(x)) =
∑
i6=j
√〈Φij(x)|ρ⊗2Ptot|Φij(x)〉 − ∑
i6=j
√
〈Φij(x)|P+i ρ⊗2Pi|Φij(x)〉
−(n− k)∑
i
√
〈Φii(x)|P+i ρ⊗2Pi|Φii(x)〉,
(5)
then we have the following bounds.
Bound 1.
Ck−ME(ρ) ≥ HkIk(ρ, φ(x)), (6)
4where
Hk = min
A
√
k√
k∑
t=1
nt(n− nt)
= min
k∑
t=1
nt=n
√
k√
n2 −
k∑
t=1
n2t
. (7)
Here the minimum is taken over all possible k-partitions A = A1| · · · |Ak of {1, 2, · · · , n}, and nt is the number of
elements in At.
Specially, when k = 2, there is
H2 =
{ 2
n
, n is even,
2√
n2−1 , n is odd.
(8)
Therefore,
C2−ME(ρ) ≥
{ 2
n
I2(ρ, φ(x)), n is even,
2√
n2−1I2(ρ, φ(x)), n is odd.
(9)
It is stronger than the lower bound 1 in [41], since H2 is greater than
1√
2(n−1) . That is, our lower bound 1 is more
powerful than that in [41].
Bound 2.
Ck−ME(ρ) ≥ max{φ(x),φ(y)} H¯k(Ik(ρ, φ(x)) + Ik(ρ, φ(y))), (10)
where
H¯k = min
A
√
k√
2
k∑
t=1
nt(n− nt)
=
1√
2
Hk. (11)
Here |φ(x)〉 = ⊗ni=1|xi〉 and |φ(y)〉 = ⊗ni=1|yi〉 are orthogonal full separable states.
The proof of two lower bounds above is placed in the appendix.
B. Examples
Example 1 : Consider the n-qubit state family given by a mixture of the identity matrix, the W state and the
anti-W state
ρn =
1− 2a
2n
I2n + a|Wn〉〈Wn|+ b|W˜n〉〈W˜n|, (12)
where |Wn〉 = 1√n (|00 · · · 001〉 + |00 · · · 010〉 + · · · + |10 · · · 000〉) and |W˜n〉 = 1√n (|11 · · ·110〉 + |11 · · ·101〉 + · · · +
|01 · · · 111〉). Let |φ(0)〉 = |0〉⊗n and |φ(1)〉 = |1〉⊗n, then |φi(0)〉 = |0 · · · 010 · · ·0〉 and |φi(1)〉 = |1 · · · 101 · · ·1〉 can
be obtained by applying the bit-flip operation σx on the i-th qubit of |φ(0)〉 and |φ(1)〉, respectively.
When n > 3, there are
Ik(ρn, φ(0)) = (k − 1)a− n(2n−k−1)(1−a−b)2n , (13)
Ik(ρn, φ(1)) = (k − 1)b− n(2n−k−1)(1−a−b)2n . (14)
When n = 3, there are
Ik(ρ3, φ(0)) = (k − 1)a− 34
√
(1−a−b)(3−3a+5b)
3 − 3(3−k)(1−a−b)23 , (15)
Ik(ρ3, φ(1)) = (k − 1)b− 34
√
(1−a−b)(3+5a−3b)
3 − 3(3−k)(1−a−b)23 , (16)
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FIG. 2: (Color online). The detection quality of our lower bound 1 and that in [41] on the genuine multipartite entanglement
concurrence is shown for the family ρ5 =
1−a−b
32
I32 + a|W5〉〈W5|+ b|W˜5〉〈W˜5| of five-qubit states, where |W5〉 =
1√
5
(|00001〉 +
|00010〉 + |00100〉 + |01000〉 + |10000〉) and |W˜5〉 =
1√
5
(|11110〉 + |11101〉 + |11011〉 + |10111〉 + |01111〉). The region above the
line I (red) correspond to the genuine 5-partite entanglement detected by our bound 1, our criteria in [32, 34], and the bound 1
of [41]. The regions above the line II (blue) and the line III (green) correspond to the genuine 5-partite entanglement detected
by our bound 1 when it is equal to or greater than 1
5
and 1
10
, respectively. The states above the dashed line ii (blue), the
dashed line iii1 (green) and the dashed line iii2 (green), are detected by the bound 1 of Ref.[41] when it is equal to or greater
than 1
10
, 1
5
and 1
5
, respectively. Thus, the area detected by our bound 1 is visibly larger than that of [41] when the two bounds
are equal.
Our bound 1 Ineq.(6) is
Ck−ME ≥
{
max{HkIk(ρn, φ(0)), HkIk(ρn, φ(1))}, n > 3,
max{HkIk(ρ3, φ(0)), HkIk(ρ3, φ(1))}, n = 3, (17)
where Hk = min
k∑
t=1
nt=n
√
k√
n2−
k∑
t=1
n2t
.
Specially,
C2−ME ≥


max{ 2
n
Ik(ρn, φ(0)),
2
n
Ik(ρn, φ(1))}, n > 3 and n is even,
max{ 2√
n2−1Ik(ρn, φ(0)),
2√
n2−1Ik(ρn, φ(1))}, n > 3 and n is odd,
max{ 1√
2
Ik(ρ3, φ(0)),
1√
2
Ik(ρ3, φ(1))}, n = 3.
(18)
The lower bound 1 in [41] gives
CGME ≥
{
max{ 1√
2(n−1)Ik(ρn, φ(0)),
1√
2(n−1)Ik(ρn, φ(1))}, n > 3,
max{ 1
2
√
2
Ik(ρ3, φ(0)),
1
2
√
2
Ik(ρ3, φ(1))}, n = 3. (19)
Obviously, for genuine multipartite entanglement measure, our lower bound 1 Ineq.(18) is better than that Ineq.(19)
in [41].
The detection parameter spaces of our bound 1 and bound 1 in [41] of genuine five-partite entanglement are
illustrated in Fig. 2 for the family ρ5 of five-qubit states. The area detected by our bound 1 is larger than the bound
1 of [38] when the two lower bounds are equal.
Our Bound 2 Ineq.(10) is as follows:
Ck−ME ≥
{
1√
2
Hk(Ik(ρn, φ(0)) + Ik(ρn, φ(1))), n > 3,
1√
2
Hk(Ik(ρ3, φ(0)) + Ik(ρ3, φ(1))), n = 3.
(20)
6Specially,
C2−ME ≥


√
2
n
(Ik(ρn, φ(0)) + Ik(ρn, φ(1))), n > 3 and n is even,√
2√
n2−1(Ik(ρn, φ(0)) + Ik(ρn, φ(1))), n > 3 and n is odd,
1
2 (Ik(ρ3, φ(0)) + Ik(ρ3, φ(1))), n = 3.
(21)
The bound of Ref.[38] can not detect entanglement at all. When n ≥ 4, the lower bound 2 in [41] can not detect
entanglement at all.
Therefore, for the family of n-qubit states, the mixture of W state and anti-W state, dampened with white noise,
our lower bounds are better than the bounds 1 and 2 of Ref.[41] and the bound of Ref.[38].
Example 2. Let us consider the family of n-qubit states
ρ(Gn−Wn) = α|Gn〉〈Gn|+ β|Wn〉〈Wn|+ 1− α− β
2n
I, (22)
the mixture of the GHZ state, the W state and the white noise. Here |Gn〉 = 1√2 (|00 · · ·0〉 + |11 · · · 1〉) and |Wn〉 =
1√
n
(|00 · · ·001〉+ |00 · · ·010〉+ · · ·+ |10 · · · 000〉).
For the selection |φ(0)〉 = ⊗ni=1|xi〉 = |0〉⊗n and |x′i〉 = |1〉, our bound 1 gives
Ck−ME(ρ(Gn−Wn)) ≥ Hk[(n− 1)β − n(n− 1)
√
(
α
2
+
1− α− β
2n
)
1− α− β
2n
− n(n− k)(β
n
+
1− α− β
2n
)]. (23)
Let |φ(x)〉 = ⊗ni=1|xi〉 = |0〉−|1〉√2
⊗n
and |x′i〉 = |0〉+|1〉√2 , our bound 1 gives
Ck−ME(ρ(Gn−Wn)) ≥


Hk[
(n−1)(n−2)2β
2n − n(n− 1)
√
(1+α−β2n +
(n−4)2β
2nn )
1+α−β+nβ
2n − (n− k)( (n−2)
2β+n(1−α−β)
2n )],
n is even,
Hk[(n− 1)
(
2nα+(n−2)2β
2n − n
√
(1−α−β2n +
(n−4)2β
2nn )
1−α−β+nβ
2n
)
− (n− k)( (n−2)2β+n(1+α−β)2n )],
n is odd.
(24)
For the selection |Φ〉 = |0〉⊗n|1〉⊗n, from (17) in [38], there is
CGME(ρ
(Gn−Wn)) ≥
{
2[α2 − C1n(βn + 1−α−β2n )
1
2 (1−α−β2n )
1
2 − (C2n + · · ·+ 12C
n
2
n )(
1−α−β
2n )], n is even,
2[α2 − C1n(βn + 1−α−β2n )
1
2 (1−α−β2n )
1
2 − (C2n + · · ·+ C⌊
n
2
⌋
n )(
1−α−β
2n )], n is odd.
(25)
Here Cin is binomial coefficient, and ⌊n2 ⌋ is the nonnegative integer no more than n2 . Let |Φ〉 = ( |0〉+|1〉√2 )⊗n(
|0〉−|1〉√
2
)⊗n,
by (17) in [38], there is
CGME(ρ
(G5−W5)) ≥ 2[15
32
(1 − α+ 4β
5
)
1
4 (1 + α+
4β
5
)
1
4 ]. (26)
The detection quality of our bound 1 and the bound in [38] on the genuine multipartite entanglement is illustrated
in Fig. 3 for the family ρ(G5−W5).
V. EXPERIMENTAL IMPLEMENTATION OF LOWER BOUNDS
The two lower bounds (6) and (10) are experimentally accessible by means of local observables, without quantum
state tomography which requires an exponentially increasing measurements. Since nonlocal observable is not straight-
forward to measure in practice, the observables that can easily be measured in any experiment are local observables.
In order to be useful in practice, measures for multipartite entanglement need to be experimentally implementable
by means of local observables without resorting to a full quantum state tomography. The lower bounds (6) and (10)
satisfy these demands, as for fixed |φ(x)〉, their computations only require at most n2+1 and 2n2+2 measurements,
respectively. Furthermore, they can be implemented locally as explicitly shown in [34]. In total at most 5(n
2−n)
2 +n+1
and 5n2−3n+2 local observables are needed to implement our bound 1 and bound 2, respectively. In an experimental
situation, it is now possible to choose the corresponding |φ(x)〉 and not only detect the state as being k-nonseparable,
but also have a reliable statement about the amount of multipartite entanglement the state exhibits.
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FIG. 3: (Color online). The detection quality of our lower bound 1 and the bound in [38] on the GME-concurrence is shown for
the family of five-qubit states ρ5 = α|G5〉〈G5|+ β|W5〉〈W5|+
1−a−b
32
I32 given by the convex combination of a GHZ state, a W
state, and the maximally mixed state. The areas above the solid red line I and the dashed red line i are the genuine 5-partite
entangled states detected by our bound 1, the bound of [38], respectively. The states in the areas above the solid green line
II (dashed green line ii) are genuine 5-partite entangled detected by our lower bound 1 (the bound of [38]) when the bound is
equal to or greater than 1
5
.
VI. CONCLUSION
We have presented a measure of multipartite entanglement called k-ME concurrence that unambiguously detects
all k-nonseparable states and studied multipartite entanglement of quantum states in arbitrary dimensional systems.
This measure satisfies important characteristics of an entanglement measure, such as entanglement monotone and
vanishing on all k-separable states. Three main advantages are that k-ME concurrence is convex, subadditive and
strictly greater than zero for all k-nonseparable states. The GME concurrence [38, 41] is the special case of our k-ME
concurrence when k = 2. Two powerful lower bounds of k-ME concurrence Ck−ME(ρ) for n-partite mixed quantum
states through the inequality (3) from Ref.[34] are given. We provide examples in which the lower bounds perform
better than the previously known methods.
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Appendix: Proof of two lower bounds
Any pure quantum state of an n particle system can be denoted by vectors in Hilbert space H = H1⊗H2⊗· · ·⊗Hn,
as follows:
|ψ〉 =
∑
i1,i2,··· ,in
ci1i2···in |i1i2 · · · in〉, (A.1)
which can be rewritten as
|ψ〉 =
∑
γAt ,γA¯t
cγAtγA¯t |γAtγA¯t〉, (A.2)
8where {|ij〉} is the orthonormal basis of Hj , and a basis vector of subsystem At is denoted by |γAt〉 = |ijt1 ijt2 · · · ijtnt 〉.
Here A1|A2| · · · |Ak = j11j12 · · · j1n1 |j21j22 · · · j2n2 | · · · |jk1 jk2 · · · jknk is a k-partition of {1, 2, · · · , n}, and A¯t is the complement
of subsystem At in {1, 2, · · · , n}. Thus,
ρAt = TrA¯t(|ψ〉〈ψ|) =
∑
γAt ,ηAt
(
∑
γA¯t
cγAtγA¯t c
∗
ηAtγA¯t
)|γAt〉〈ηAt | ≡
∑
γAt ,ηAt
ργAt ,ηAt |γAt〉〈ηAt |, (A.3)
and
Tr(ρ2At) =
∑
γAt ,ηAt
|ργAt ,ηAt |2
=
∑
γAt
|ργAt ,γAt |2 + 2
∑
sγAt
<sηAt
|ργAt ,ηAt |2,
(A.4)
where sγAt =
∑nt
l=1 ijtl dj
t
l
+1djt
l
+2 · · · dndn+1 and dn+1 = 1. It follows that
1− Tr(ρ2At) =
∑
γAt
ργAt ,γAt (1− ργAt ,γAt )− 2
∑
sγAt
<sηAt
|ργAt ,ηAt |2
= 2
∑
sγAt
<sηAt
(ργAt ,γAtρηAt ,ηAt − |ργAt ,ηAt |2)
= 2
∑
sγAt
<sηAt
(
∑
γA¯t ,ηA¯t
|cγAtγA¯t cηAtηA¯t |2 −
∑
γA¯t ,ηA¯t
cγAtγA¯t cηAtηA¯t c
∗
ηAtγA¯t
c∗γAtηA¯t )
= 2
∑
sγAt
<sηAt
∑
sγ
A¯t
<sη
A¯t
|cγAtγA¯t cηAtηA¯t − cηAtγA¯t cγAtηA¯t |2.
(A.5)
1. Bound 1
From (A.5) we have
2
k∑
t=1
(1−Tr(ρ2At ))
k
=
4
k∑
t=1
∑
sγAt
<sηAt
∑
sγ
A¯t
<sη
A¯t
|cγAtγA¯t cηAtηA¯t−cηAtγA¯t cγAtηA¯t |
2
k
≥
4
k∑
t=1
∑
|ηAt
|=1,|η
A¯t
|=1
|cηAt0A¯t c0AtηA¯t−c0At 0A¯t cηAtηA¯t |
2
k
,
(A.6)
where 0At = (ijt1 , ijt2 , · · · , ijtnt ) = (0, 0, · · · , 0), |ηAt | and |ηA¯t | represent the numbers of 1 in ηAt , ηA¯t , respectively.
Next we deal with (A.6). By using the inequality n
n∑
i=1
|ai|2 ≥ (
n∑
i=1
|ai|)2 (ai is a complex number) and the triangle
inequality, we obtain√
2
k∑
t=1
(1−Tr(ρ2
At
))
k
≥ 2√
k
k∑
t=1
nt(n−nt)
k∑
t=1
∑
|ηAt |=1
|ηA¯t |=1
(|cηAt0A¯t c0AtηA¯t − c0At0A¯t cηAtηA¯t |)
≥ 2√
k
k∑
t=1
nt(n−nt)
k∑
t=1
∑
|ηAt |=1
|ηA¯t |=1
(|cηAt0A¯t c0AtηA¯t | − |c0At0A¯t cηAtηA¯t |)
≥ HkQk,
(A.7)
from which it follows
Ck−ME(|ψ〉) = min
A
√√√√√2 k∑
t=1
(1− Tr(ρ2At))
k
≥ HkQk, (A.8)
where
Hk = min
A
√
k√
k∑
t=1
nt(n− nt)
, (A.9)
9and
Qk = 2
∑
si1···in<sl1···ln
|(i1,··· ,in)|=1
|(l1,··· ,ln)|=1
|ci1···incl1···ln | − 2
∑
|(i1,··· ,in)|=2
|c0···0ci1···in | − (n− k)
∑
|(i1,··· ,in)|=1
|ci1···in |2.
(A.10)
Here |(i1, · · · , in)| denote the number of il = 1 in {i1, · · · , in}.
Now suppose that ρ =
∑
m
pmρ
m =
∑
m
pm|ψm〉〈ψm| is an n-partite mixed state where |ψm〉 =
∑
i1,··· ,in
cmi1···in |i1 · · · in〉.
Using (4) and (A.8), we see
Ck−ME(ρ) = inf{pm,|ψm〉}
∑
m
pmCk−ME(|ψm〉) ≥ Hk inf{pm,|ψm〉}
∑
m
pmQ
m
k . (A.11)
Let |φ(0)〉 = |00 · · · 0〉 and 0′ = 1, we have
Ik(ρ, φ(0)) = 2
∑
i<j
|ρ∏n+1
l=i+1
dl,
∏n+1
l=j+1
dl
| − 2∑
i<j
√
ρ0,0ρ∏n+1
l=i+1
dl+
∏n+1
l=j+1
dl,
∏n+1
l=i+1
dl+
∏n+1
l=j+1
dl
−(n− k)∑
i
ρ∏n+1
l=i+1
dl,
∏n+1
l=i+1
dl
.
(A.12)
Here dn+1 = 1. Considering the three terms of (A.12), we get
2
∑
i<j
|ρ∏n+1
l=i+1
dl,
∏n+1
l=j+1
dl
| ≤ 2∑
m
pm
∑
i<j
|ρm∏n+1
l=i+1
dl,
∏n+1
l=j+1
dl
|
=
∑
m
pm(2
∑
si1···in<sl1···ln
|(i1,··· ,in)|=1
|(l1,··· ,ln)|=1
|cmi1···incml1···ln |), (A.13)
2
∑
i<j
√
ρ0,0ρ∏n+1
l=i+1
dl+
∏n+1
l=j+1
dl,
∏n+1
l=i+1
dl+
∏n+1
l=j+1
dl
= 2
∑
i<j
√
(
∑
m
pmρ
m
0,0)(
∑
m
pmρ
m∏n+1
l=i+1
dl+
∏n+1
l=j+1
dl,
∏n+1
l=i+1
dl+
∏n+1
l=j+1
dl
)
≥ ∑
m
pm(2
∑
|(i1,··· ,in)|=2
|cm0···0cmi1···in |),
(A.14)
(n− k)
∑
i
ρ∏n+1
l=i+1
dl,
∏n+1
l=i+1
dl
=
∑
m
pm(n− k)
∑
|(i1,··· ,in)|=1
|cmi1···in |2. (A.15)
Combining (A.13), (A.14) and (A.15), we obtain
Ik(ρ, φ(0)) ≤
∑
m
pm(2
∑
si1···in<sl1···ln
|(i1,··· ,in)|=1
|(l1,··· ,ln)|=1
|cmi1···incml1···ln | − 2
∑
|(i1,··· ,in)|=2
|cm0···0cmi1···in |
−(n− k) ∑
|(i1,··· ,in)|=1
|cmi1···in |2)
=
∑
m
pmQ
m
k ,
(A.16)
which implies that
Ik(ρ, φ(0)) ≤ inf{pm,|ψm〉}
∑
m
pmQ
m
k . (A.17)
Therefore, from (A.11), there is
Ck−ME(ρ) ≥ HkIk(ρ, φ(0)). (A.18)
Since for any fully separable state |φ(x)〉 = ⊗ni=1|xi〉 = |x1x2 · · ·xn〉, there exists a local unitary transformation
U = U1⊗U2⊗· · ·⊗Un such that U |φ(0)〉 = |φ(x)〉, thus HkIk(ρ, φ(x)) is also a lower bound because of the invariance
of Ck−ME(ρ) under local unitary transformations. Therefore we have
Ck−ME(ρ) ≥ max{|φ(x)〉}HkIk(ρ, φ(x)) ≥ HkIk(ρ, φ(x)), (A.19)
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as desired.
Specially, when k = 2, there is
C2−ME(ρ) ≥
{ 2
n
I2(ρ, φ(x)), n is even,
2√
n2−1I2(ρ, φ(x)), n is odd.
(A.20)
Our lower bound 1 (A.20) is greater than 1√
2(n−1) , i.e. our lower bound 1 is stronger than that in [41].
2. Bound 2
By (A.5), we get
2
k∑
t=1
(1−Tr(ρ2At ))
k
=
4
k∑
t=1
∑
sγAt
<sηAt
∑
sγ
A¯t
<sη
A¯t
|cγAtγA¯t cηAtηA¯t−cηAtγA¯t cγAtηA¯t |
2
k
≥
4
k∑
t=1
(
∑
|ηAt |=1
|ηA¯t |=1
|cηAt0A¯t c0AtηA¯t−c0At0A¯t cηAtηA¯t |
2+
∑
|ηAt |=nt−1
|ηA¯t |=n−nt−1
|cηAt1A¯t c1AtηA¯t−c1At1A¯t cηAtηA¯t |
2)
k
.
(A.21)
Similar to the proof of bound 1, there is√
2
k∑
t=1
(1−Tr(ρ2At ))
k
≥ 2√
2k
k∑
t=1
nt(n−nt)
k∑
t=1
(
∑
|ηAt |=1
|ηA¯t |=1
|cηAt0A¯t c0AtηA¯t − c0At0A¯t cηAtηA¯t |
+
∑
|ηAt |=nt−1
|ηA¯t |=n−nt−1
|cηAt1A¯t c1AtηA¯t − c1At1A¯t cηAtηA¯t |)
≥ 2√
2k
k∑
t=1
nt(n−nt)
k∑
t=1
[
∑
|ηAt |=1
|ηA¯t |=1
(|cηAt0A¯t c0AtηA¯t | − |c0At0A¯t cηAtηA¯t |)
+
∑
|ηAt |=nt−1
|ηA¯t |=n−nt−1
(|cηAt1A¯t c1AtηA¯t | − |c1At1A¯t cηAtηA¯t |)]
≥
√
k√
2
k∑
t=1
nt(n−nt)
(Qk + Q¯k).
(A.22)
So, we get
Ck−ME(|ψ〉) ≥ H¯k(Qk + Q¯k), (A.23)
where
H¯k = min
A
√
k√
2
k∑
t=1
nt(n− nt)
=
Hk√
2
, (A.24)
Qk = 2
∑
si1···in<sl1···ln
|(i1,··· ,in)|=1
|(l1,··· ,ln)|=1
|ci1···incl1···ln | − 2
∑
|(i1,··· ,in)|=2
|c0···0ci1···in | − (n− k)
∑
|(i1,··· ,in)|=1
|ci1···in |2.
(A.25)
Q¯k = 2
∑
si1···in<sl1···ln
|(i1,··· ,in)|=n−1
|(l1,··· ,ln)|=n−1
|ci1···incl1···ln | − 2
∑
|(i1,··· ,in)|=n−2
|c1···1ci1···in | − (n− k)
∑
|(i1,··· ,in)|=n−1
|ci1···in |2.
(A.26)
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Now suppose that ρ =
∑
m
pmρ
m =
∑
m
pm|ψm〉〈ψm| is an n-partite mixed state where |ψm〉 =
∑
i1,··· ,in
cmi1···in |i1 · · · in〉.
Using (4) and (A.23), we see
Ck−ME(ρ) = inf{pm,|ψm〉}
∑
m
pmCk−ME(|ψm〉) ≥ H¯k inf{pm,|ψm〉}
∑
m
pm(Q
m
k + Q¯
m
k ). (A.27)
Let |φ(1)〉 = |11 · · · 1〉 and 1′ = 0, then there is
Ik(ρ, φ(1)) = 2
∑
i<j
|ρ∑
l 6=i
dl+1dl+2···dn+1,
∑
l 6=j
dl+1dl+2···dn+1 |
−2∑
i<j
√
ρ∑
l
dl+1dl+2···dn+1,
∑
l
dl+1dl+2···dn+1ρ
∑
l 6=i,j
dl+1dl+2···dn+1,
∑
l 6=i,j
dl+1dl+2···dn+1
−(n− k)∑
i
ρ∑
l 6=i
dl+1dl+2···dn+1,
∑
l 6=i
dl+1dl+2···dn+1,
(A.28)
where dn+1 = 1. For the first term of (A.28),
2
∑
i<j
|ρ∑
l 6=i
dl+1dl+2···dn+1,
∑
l 6=j
dl+1dl+2···dn+1 | ≤
∑
m
pm(2
∑
si1···in<sl1···ln
|(i1,··· ,in)|=n−1
|(l1,··· ,ln)|=n−1
|cmi1···incml1···ln |).
(A.29)
For the second term,
2
∑
i<j
√
ρ∑
l
dl+1dl+2···dn+1,
∑
l
dl+1dl+2···dn+1ρ
∑
l 6=i,j
dl+1dl+2···dn+1,
∑
l 6=i,j
dl+1dl+2···dn+1
= 2
∑
i<j
√
(
∑
m
pmρ
m∑
l
dl+1dl+2···dn+1,
∑
l
dl+1dl+2···dn+1)(
∑
m
pmρ
m∑
l 6=i,j
dl+1dl+2···dn+1,
∑
l 6=i,j
dl+1dl+2···dn+1)
≥ ∑
m
pm(2
∑
|(i1,··· ,in)|=n−2
|cm1···1cmi1···in |).
(A.30)
For the third term,
(n− k)
∑
i
ρ∑
l 6=i
dl+1dl+2···dn+1,
∑
l 6=i
dl+1dl+2···dn+1 =
∑
m
pm[(n− k)
∑
|(i1,··· ,in)|=n−1
|ci1···in |2]. (A.31)
Combining (A.29), (A.30) and (A.31) gives that
Ik(ρ, φ(1)) ≤
∑
m
pmQ¯
m
k . (A.32)
From (A.27), (A.16) and (A.32), we obtain
Ck−ME(ρ) ≥ H¯k(Ik(ρ, φ(0)) + Ik(ρ, φ(1))). (A.33)
Note that for any fully separable state |φ(x)〉 = ⊗ni=1|xi〉, there is a local unitary transformation V = V1⊗V2⊗· · ·⊗Vn
satisfying V |φ(0)〉 = |φ(x)〉 and V |φ(1)〉 = |φ(y)〉. Thus H¯k(Ik(ρ, φ(x)) + Ik(ρ, φ(y))) is also a lower bound because of
the invariance of Ck(ρ) under local unitary transformations, so we have
Ck−ME(ρ) ≥ max{φ(x),φ(y)} H¯k(Ik(ρ, φ(x)) + Ik(ρ, φ(y))) ≥ H¯k(Ik(ρ, φ(x)) + Ik(ρ, φ(y))). (A.34)
Here |φ(x)〉 = ⊗ni=1|xi〉 and |φ(y)〉 = ⊗ni=1|yi〉 are orthogonal full separable states. The proof is complete.
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